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Preliminaries

e Let K be a compact convex set in a locally convex space E.
e a: K — Ris affine map if

a(Au+ (1= X)v) = ra(u) + (1 —N)a(v)

for all u,v € K and X € [0,1].
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Preliminaries

e Let K be a compact convex set in a locally convex space E.
e a: K — Ris affine map if

a(Au+ (1= N)v) =Aa(u) + (1 — N)a(v)

for all u,v € K and X € [0,1].

e A(K) : the set of all continuous affine functions on K.
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Prelimaries

e A C*-algebra A is a Banach x-algebra which satisfies
C*-condition
Ix*x| = [|x]|? Vx € A.

e A, : the set of all self-adjoint element of A
e AT : the set of all positive elements of A (i.e. a € AT if
a = b*b for some b € A).
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Prelimaries

e A C*-algebra A is a Banach x-algebra which satisfies
C*-condition
Ix*x| = [|x]|? Vx € A.

e A, : the set of all self-adjoint element of A
e AT : the set of all positive elements of A (i.e. a € AT if
a = b*b for some b € A).

Kadison's observation

Let B C A be a unital self-adjoint subspace. Let BT = BN A*.

Then (Bsa, BT, 1) is an order unit space. That is

@ (order unit property) b€ B = —\I < b < Al for some
A > 0.

@ (Archimedean property) if b+ Al > 0 for all A > 0 for some
beA = b>0.
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Affine function space and order unit space

e A linear function f : B — C is called state if

f(B) C[0,00) and f(1)=1.

4/24



Affine function space and order unit space

e A linear function f : B — C is called state if

f(B) C[0,00) and f(1)=1.

e S(B): the set of all state of 5.
e S(B) is a w*-compact convex set.

4/24



Affine function space and order unit space

e A linear function f : B — C is called state if

f(B) C[0,00) and f(1)=1.

e S(B): the set of all state of 5.
e S(B) is a w*-compact convex set.

Theorem (Kadison—1951)

Bs, is isometrically order isomorphic to A(K), where K = S(B).

4/24



Affine function space and order unit space

e A linear function f : B — C is called state if

f(B) C[0,00) and f(1)=1.

e S(B): the set of all state of 5.
e S(B) is a w*-compact convex set.

Theorem (Kadison—1951)

Bs, is isometrically order isomorphic to A(K), where K = S(B).

Problem: Is it possible to construct a compact convex set K
such that
A(K) = Bs,,

where B is a unital self-adjoint subspace of a C*-algebra.
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Non-comutaive order, Effros-1976

e Non self-adjoint characterization : Let a € B. Then |ja|| < 1 if
and only if

[; i] e Mo(B)™.
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Non-comutaive order, Effros-1976

e Non self-adjoint characterization : Let a € B. Then |ja|| < 1 if
and only if

[; i] e Mo(B)™.

e If a € B, then

) A ooa
= >0: >
|lall = inf{A >0: [a* )\J > 0}.
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Non commutative ordered in abstract space

Definition (Choi, Effros-77)
Let V be a complex x-vector space. Then V is called matrix
ordered space if there is a cone M,(V)* C M,(V)s, for each n

such that
7 Man(V)Hy € Mo(V)+

if v € Mp,p.
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Let V be a complex x-vector space. Then V is called matrix
ordered space if there is a cone M,(V)* C M,(V)s, for each n
such that

7 Man(V) Py € MoV

if v € Mp,p.

e ¢:V — W be a linear map (V, W vector spaces).
e (n-amplification) ¢, : M,(V) — M,(W) by

on([vijl) = [o(vij)]-
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Non commutative ordered in abstract space

Definition (Choi, Effros-77)

Let V be a complex x-vector space. Then V is called matrix
ordered space if there is a cone M,(V)* C M,(V)s, for each n
such that

T Mm(V) Ty C Ma(V)F

if v € Mp,p.

e ¢:V — W be a linear map (V, W vector spaces).
e (n-amplification) ¢, : M,(V) — M,(W) by
on([vij]) = [o(vi)]-
o Let V, W be matrix ordered spaces and ¢ : V — W be a

self-adjoint linear map. Then ¢ is completely positive if ¢, is

positive for each n.
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Operator systems

Theorem (Choi-Effros—1977)

Let (V,{M,(V)*}) be a matrix ordered space and let e be an
order unit for V*. Then following are equivalent

@ V™ is proper and M,(V)" Archimedean for each n
@ there exists cp-map ¢ : V' — B(H) for some Hilbert space H.
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Operator systems

Theorem (Choi-Effros—1977)

Let (V,{M,(V)*}) be a matrix ordered space and let e be an
order unit for V*. Then following are equivalent

@ V™ is proper and M,(V)" Archimedean for each n
@ there exists cp-map ¢ : V' — B(H) for some Hilbert space H.

Let V be a complex vector space, and let ||.||, be a norm on
M,(V). Then V is called a matrcially normed space if

Q [avi|, < [la|l|v]a]|5] forall v.e My(V), e, B € M,

Q ||lvdO|pem=|v|, forall v e M,(V).

Choi, Effros, Injectivity of operator spaces, J. Funct. Anal. 24 (1977), 156-209.
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o Let (V. {||.||}) be a matrcially normed space.
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L*>-matricial norm space

e Let (V,{|.]|}) be a matrcially normed space.
e Then V is called L°°-matricially normed space if

v @ wllntm = max{[|vs, [|wllm}

for all v.€ My(V),w € Mp(V).
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bounded if
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L*>-matricial norm space

e Let (V,{|.]|}) be a matrcially normed space.

e Then V is called L°°-matricially normed space if
v & wllnym = max{[[vln, [[wl[m}

for all v.€ My(V),w € Mp(V).
o let p: V — W be alinear map. Then ¢ is completely
bounded if

16llcs := sup{[|@nlln : n € N} < oo;

e ¢ is called completely isometry if ¢, is isometry for each n € N.

Theorem (Ruan—-1988)

Let (V,{|| - ||ln}) be a matricially normed space. Then V is an
L*°-matrcially normed space <= there is a complete isometry
¢V — B(H) for some Hilbert space H.

Ruan, Subspaces of C*-algebras, J. Funct. Anal., 98 (1988), 217-230.
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C*-ordered operator space

Definition
Let (V,{M,(V)*}) be a matrix ordered space together with an
L>°-matricial norm {]| - ||»} is said to be a C*-ordered operator
space if VT is proper and for each n € N, satisfies the following:
Q x is isometry on M,(V);
Q@ M,(V)T is closed;
Q ||flln < max{||g||n, ||hl|n}, whenever f < g < h with
f.g,he Mp(V)sa.
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C*-ordered operator space

Definition
Let (V,{M,(V)*}) be a matrix ordered space together with an
L>°-matricial norm {]| - ||»} is said to be a C*-ordered operator
space if VT is proper and for each n € N, satisfies the following:
Q x is isometry on M,(V);
Q@ M,(V)T is closed;
Q ||flln < max{||g||n, ||hl|n}, whenever f < g < h with
f.g,he Mp(V)sa.

Theorem (Karn, 2011)

Let (V,{M,(V)*}) be a matrix ordered space with an
L>°-matricial norm {|| - ||»}.

Then V is a C*-ordered operator space <= there exists a
completely order isomerty ¢ : V — A for some C*-algebra A.

A. K. Karn, Order embedding of matrix ordered spaces, Bull. Aust. Math. Soc. 84 (2011), 10-18. 9/24



Geometry of convex set

e V : alocally convex space
e K C V be a compact convex set, and 0 € ext(K).
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Geometry of convex set

e V : alocally convex space
e K C V be a compact convex set, and 0 € ext(K).

Definition (G.-Karn)

An element k € K is called a lead point of K (k € lead(K)) if
k = aky for some k; € K with a € [0, 1], then o = 1.

e (Observation:) ext(K) \ {0} C lead(K).

Theorem (G.-Karn)

For each k € K'\ {0}. There is a unique o € (0, 1] and
k € lead(K) such that k = ak.
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Quantization

e In operator space, quantization is a method to construct an
operator space from a given Banach space.
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Quantization

e In operator space, quantization is a method to construct an
operator space from a given Banach space.

e (Recall) K, € M,(V)ss and 0 € ext{K,}.

e Reformulation of the problem: Is it possible to find a sequence
{Knh} of compact convex set so that
the affine spaces over K, is turn out to a C*-ordered operator

space ?
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[1-matrix convex set

L'-matrix convex set (G.-Karn)

Let V be a x-locally convex space. Let {K,} be a collection of compact
convex sets with K, C M,(V)s, and 0 € 9.(K,) for all n. Then {K,} is
called an L!-matrix convex set if the following conditions hold:

L, If u € K, and v; € M, ,, such that Zle YivE < Iy, then
@ yruyi € Kzf_;l e

12/24



[1-matrix convex set

L'-matrix convex set (G.-Karn)

Let V be a x-locally convex space. Let {K,} be a collection of compact
convex sets with K, C M,(V)s, and 0 € 9.(K,) for all n. Then {K,} is
called an L!-matrix convex set if the following conditions hold:

L, If u € K, and v; € M, ,, such that Zle YivE < Iy, then
@ yruyi € Kzf_;l e

u u
L, If u e Ky, so that u = 11 12
Upp  U22

urp € Mp(V), then upp + uf, € co(K, U —K,).

] for some uq1, U € K, and

12/24



[1-matrix convex set

L'-matrix convex set (G.-Karn)

Let V be a x-locally convex space. Let {K,} be a collection of compact
convex sets with K, C M,(V)s, and 0 € 9.(K,) for all n. Then {K,} is
called an L!-matrix convex set if the following conditions hold:

L, If u € K, and v; € M, ,, such that Zle YivE < Iy, then
@ yruyi € KE,& e

uix Uiz
up U
urp € Mp(V), then upp + uf, € co(K, U —K,).

Ly If u € Ky, so that u = [ ] for some uy1, Uy € K, and

. u u
L3 Let u € Kpyp with u= [uil u12] so that u1; € K, U € K, and
12 22

uip € Mm,n(v) and if u;; = Oélljl\l, Upp = 042252\2 with
u11 € lead(Kp,), Uz € lead(K,), then ag + ap < 1.

12/24



[1-matrix convex set

L'-matrix convex set (G.-Karn)

Let V be a x-locally convex space. Let {K,} be a collection of compact
convex sets with K, C M,(V)s, and 0 € 9.(K,) for all n. Then {K,} is
called an L!-matrix convex set if the following conditions hold:

L, If u € K, and v; € M, ,, such that Zle YivE < Iy, then
@ yruyi € KE,& e

uix Uiz
up U
urp € Mp(V), then upp + uf, € co(K, U —K,).

Ly If u € Ky, so that u = [ ] for some uy1, Uy € K, and

. u u
L3 Let u € Kpyp with u= [uil ulz] so that u1; € K, U € K, and
12 22

uip € Mm,n(v) and if u;; = Oélljl\l, Upp = 042252\2 with
u11 € lead(Kp,), Uz € lead(K,), then ag + ap < 1.

eExample: Let V be a C*-ordered operator space. Then {Q,(V)} is an
L -matrix convex set with lead(Q,(V)) = S,(V).
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{Ao(Kn) }-Spaces

Let V be a *-locally convex space,

let {K,} be an L'-matrix convex set of V,
Mp(V)* := U2, rK,, is a cone in My(V)s, for all n
with V' is proper and generating.

Define

Ao(Kn, Mp(V)) :={a: K, — C| a is continuous and affine;
a(0) = 0; and a extends to a continuous linear functional
i: M,(V)— C}.
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Main Theorem

Theorem (G.-Karn)

Let V be a C*-ordered operator space.

= {Q,(V)} is an Lt-matrix convex.
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Main Theorem

Theorem (G.-Karn)

Let V be a C*-ordered operator space.

= {Q,(V)} is an Lt-matrix convex.

Theorem (G.-Karn)

Let {K,} be an L'-matrix convex set of V.

= (Ao(K1, V), {M,(Ao(K1, V)T },{ll.Iln}) is a C*-ordered
operator space.
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Step-1 Given a € Ay(Kp, M,(V)), we define

a*(u) = a(u) for all u € K.
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Sketch of the proof:

Step-1 Given a € Ag(Kn, M,(V)), we define

a*(u) .= a(u) for all v € K.

Step-2 Ao(Kn, Ma(V))sa = {a € Ao(Kn, Mn(V)) : a* = a}.

15/24



Continued..

Step-3 If & € M, 5, 5 € M m and a € Ag(Kpn, My(V)). We define
aaf(v) = 3a(a"vaT) for all v e K,

e Then aap € Ao(Km, Mm(V))
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Continued..

Step-3 If & € M, 5, 5 € M m and a € Ag(Kpn, My(V)). We define
aaf(v) = 3a(a"vaT) for all v e K,
e Then aap € Ao(Km, Mn(V))
Step-4 If a € Ap(Kn, Mp(V)) and b € Ao(Km, Mm(V)). We define
(a® b)(v) := a(vi1) + b(va2) for all v € Ky,

vVii V12

where v = |
Vip V22

Mp.m(V).
e Then a® b € Ao(Kntm: Mnrm(V)).

} for some vi1 € Kj, voo € Ky, vio €
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Step-5

Ao(Kn, Mp(V)) T = {a € Ao(Kn, Mn(V))sa : a(u) >0 Yu € K,}.

«O)>» «F)» « =>»
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Continued..

Step-5
Ao(Kn, Moy(V))T = {a € Ag(Kn, Mp(V))sa : a(u) >0 Yu € K}

o If a € Ag(Km, Mn(V))", b € Ao(Kn, Ma(V))T and o € My, p,
we have
Q@ ofaa € Ag(Kn, Mp(V))T,
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we have
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Continued..

Step-5
Ao(Kn, Moy(V))T = {a € Ag(Kn, Mp(V))sa : a(u) >0 Yu € K}

o If 2 € Ag(Km, Mm(V))*, b € Ag(Kn, Ma(V))* and o € M.,
we have

Q@ ofaa € Ag(Kn, Mp(V))T,

Q ad b A(Kmin, Mmin(V))T.

Step-6 Ag(K,, M,(V)) is a normed linear space equipped with
norm

faln =sup || 3] @)

ue Kz,,} for all a € Ag(Kn, My(V)).
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Continued..

Step-5
Ao(Kn, Moy(V))T = {a € Ag(Kn, Mp(V))sa : a(u) >0 Yu € K}

o If 2 € Ag(Km, Mm(V))*, b € Ag(Kn, Ma(V))* and o € M.,
we have

Q@ ofaa € Ag(Kn, Mp(V))T,

Q ad b A(Kmin, Mmin(V))T.

Step-6 Ag(K,, M,(V)) is a normed linear space equipped with
norm

faln =sup || 3] @)

Step-7
If a € Ag(Kn, Mp(V))sa, then we have

l|alloo,n = sup{|a(v)| : v € Kp}.

ue Kz,,} for all a € Ag(Kn, My(V)).
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Step-8 If a € Ap(Kn, Mp(V)).

* —_—
lla ||oo,n = “a“oo,n'
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Continued..

Step-8 If a € Ap(Kn, Mp(V)).
[a"[loo,n = [lalloo,n-
Step-9 {|| - ||oc,n} satisfies the following conditions:

O If 2 € Ag(Km, Mm(V)), b € Ao(Kn, Mp(V)); then

|a® blloo,m+n = maX{HaHoo,W HbHoo,n}-

18/24



Continued..

Step-8 If a € Ap(Kn, Mp(V)).

*
2" [|co,n = llal|oo,n-

Step-9 {|| - ||oc,n} satisfies the following conditions:
Q If 2 € Ao(Km, Mi(V)), b € Ag(Kn, Ma(V)); then

|2 ® blloo,m+n = maX{HaHoo,W HbHoo,n}-

Q if a € Ay(Km, Mn(V)),ac € Mp p and 5 € M m;

lovaBloo,m < lledlll[alloo,nll
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Continued..

Step-8 If a € Ap(Kn, Mp(V)).
[a*[loo,n = [|alloc,n-
Step-9 {|| - ||oc,n} satisfies the following conditions:
O If a € Ay(Km, Mm(V)), b € Ag(Kpn, Ma(V)); then
|2 ® blloo,m+n = max{l|alloo,m; [[blloo,n}-
Q if a € Ay(Km, Mn(V)),ac € Mp p and 5 € M m;

lovaBloo,m < lledlll[alloo,nll

Q If a<b<cinAy(Kn, Mp(V))sa, we have

[6lloe.n < max{llallocn |l o} 2



Step-10 Let us define a map
b, Ao(Kn, Mp(V)) — Mp(Ao(Ki, V)) given by

on(a) = [ai ],

where a; j(v) = 4(g;; @ v) for all v € K;.

(1)
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Continued- - -

Step-10 Let us define a map
&, Ao(Kn, Mp(V)) = Mp(Ao(K1, V)) given by

¢n(a) = [aiJ]a (1)
where a; j(v) = 3(¢;j @ v) for all v € K;.

Step-11
&, Ao(Kny Ma(V)) = Mp(Ao(Ki, V)) is a x-isomorphism.
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Continued- - -

Step-10 Let us define a map
b, AO(Knv Mn(v)) = Mn(AO(Kla V)) given by

¢n(a) = [ai,j]a (1)
where a; j(v) = 3(¢;j @ v) for all v € K;.

Step-11
&, Ao(Kny Ma(V)) = Mp(Ao(Ki, V)) is a x-isomorphism.

Step -12 We transport the order and the norm structures to
M, (Ao(K1, V)) via isomorphism from Ao(K,, M,(V)) as follows:

[aij] € My(Ao(Ki, V)™
if and only if
Yiqaij(vij) >0 (2)
for all [v;j] € K, and
1[ai ]lln = H¢;1([a,-,j])Hoo,n for all [a;] € Mn(Ao(K1, V)= (3)

19/24



Step-13 Now (Ao(K1, V), {M,(Ao(K1, V) }, {ll.lln}) is a matrix
ordered and L°°-matricially normed space such that

© x is an isometry,
Q If [a;J], [b,"j], [C,'J] € Mn(Ao(Kl, V))sa with
[aij] < [bij] < [ciyl,

we have
1[6ij1lln < max{{|[ai]ln, [I[cij]l[n}-

Hence, {Ao(Kn, M,(V))} is complete isometrically, completely
order isomorphic to a C*-ordered operator space.

20/24



L*-regularly embedded (G.- Karn)

Let {K,} be an L!-matrix convex set in a *-locally convex space
V. Then {K,} is called L'-regularly embedded in V if
Li(= lead(K1)) is regularly embedded in Vi,. In other words,

@ L; is compact and convex; and

Q x: Ve — (A(L1)L)w« is a linear homeomorphism.
Here x(w)(a) = Aa(u) — pa(v) for all a € A(L1)s, if w = Au— uv
for some u,v € Ly and A\, u € RT.

V.
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L*-regularly embedded (G.- Karn)

Let {K,} be an L!-matrix convex set in a *-locally convex space
V. Then {K,} is called L'-regularly embedded in V if
Li(= lead(K1)) is regularly embedded in Vi,. In other words,

© L; is compact and convex; and

Q x: Ve — (A(L1)L)w« is a linear homeomorphism.
Here x(w)(a) = Aa(u) — pa(v) for all a € A(L1)s, if w = Au — pv
for some u,v € Ly and A\, u € RT.

N,

L!-matricial cap (G.- Karn)
Let {K,} be an L!-matrix convex set. Then {L,} is called
LY-matricial cap for V if

@ L; is convex and
Vil V12
Vip V22
and vi2 € My, 5(V) so that vi; = a1v1, voo = agn v, for some
Vi € L, € Ly and g, a0 € [0, 1], then ag + ap = 1.

Q ifvel, ,withv= [ } for some vi1 € Ky, vao € K,

Y
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Characterization of operator system

Theorem (G.- Karn)

Let {K,} be an L!-regularly embedded in V such that {L,} is an
L'-matricial cap for V. Then

Q Ao(Kn, Ms(V)) is an order unit space for all n € N.

Q {Ao(K1, V),{M,p(Ao(Ki1,V)},e)} is an abstract operator
system.

A. Ghatak, A. Karn, Qunatization of Ay(K)-spaces, Communicated.
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